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SOURCE IDENTIFICATION FOR THE HEAT EQUATION 
G. A. KRIEGSMANN AND W. E. OLMSTEAD 
Department of Engineering Sciences 
and Applied Mathematics, Northwestern University 
Abstract. The problem of determining an unknown heat source in a homogeneous, semi- 
infinite slab from measured temperature and flux data is examined. When the source is 
separable into a product of temporal and spatial components, a functional relationship is 
derived that relates the Laplace transforms of these components. Examples considered 
include a point source with oscillating intensity and a spatial layer undergoing exponential 
decay. A source of non-separable type in the form of a moving front is also treated. 
1. INTRODUCTION 
We consider here the problem of source identification which is an inverse problem for 
the one-dimensional heat equation. Let u(z, t) be the temperature in a semi-infinite 
spatial domain (z 2 0) which is being heated by an internal source q(z, t) whose a priori 
description is either unknown or only partially known. It will be assumed that the surface 
temperature ~(0, t) and surface heat flux ~~(0, t) can be monitored and hence known for 
all t 2 0. The issue we address is that of determining q(z, t) from the information 
collected about ~(0, t) and u,(O, t). 
The mathematical formulation of this problem is 
u&t) - u&,t) = q(Q) , 32 > 0 I t > 0 9 (1.1) 
u(z,o)=o, z20; lim u(z,t)=o, t>o; (1.2) z+ca 
u(0, t) = U(t) , u,(O, t) = Q(t) , t 2 0 . (1.3) 
Here U(t) and Q(t) are taken as given, while q(z, t) is to be determined. Our choice 
of trivial initial data is a convenience, since an arbitrary initial condition requires only 
adjusted definitions of U, Q and q. 
Our results show that an explicit knowledge of U(t) and Q(t) is not sufficient to fully 
determine q(z, t). However, with some partial information about the source, we demon- 
strate that q(z, t) can be completely determined. 
We first examine the special case of a source with separable spatial and temporal be- 
havior, i.e. q(@) = g(++). It is shown that if either g(z) or h(t) is known, then 
the other can be uniquely determined. Furthermore, even with only partial information 
about the forms of g(z) and h(t), ‘t 1 may be possible to fully determine both. For exam- 
ple, a point source of oscillating intensity q(z, t) = S(z - b) sinwt, whose position b and 
frequency w are not known a priori, can be fully determined from the large time behavior 
of the measured data. We also consider an example which models a source confined to 
a spatial layer (20, 20 + E) with an intensity which is undergoing exponential decay, i.e. 
q(z, t) = H(z - zo)H(zo + E - CZ) exp(-kt). The large time behavior of the measured 
data relates E and k. 
Finally, we examine the non-separable case of a source which acts as a moving front, i.e. 
q(z, t) = H(t - y)f(t - 7z), where 7 > 0 is the reciprocal of the speed of the front. It is 
found that the form of f( z ) can be determined to belong to a specific family of functions 
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dependent only on the parameter 7. If 7 is given, then f(z) is fully determined; while 
if 7 is not known a priori, some additional feature of f(z) (e.g. asymptotic behavior as 
2 -+ 0) will suffice for its evaluation. 
Some discussion of inverse problems in heat conduction can be found in [l], [2] and 
references contained therein. However, those works mainly address issues other than the 
ones considered here. 
2. FORMULATION OF THE INVERSE PROBLEM 
A reformulation of (l.l)- (1.3) is needed which will offer a means for the possible deter- 
mination of q(x, t) for given U(t) and Q(t). It is well-known that a formal solution of 
(l.l)-(1.2) is provided by the representation 
u(x, t) = /,’ lrn G(x, tlE, s)q(C, SW dC - J’ u40,4Gb, 40, s)ds (24 
0 
where 
G(x,tlC, 3) = 14r(t - s)]-? { exp [- (4;t-_‘i);l + exp [- ‘4;t+_‘i;]} (2.2) 
is the Green’s function for the heat equation with a no-flux condition at the surface 
x = 0. 
Since (2.1) satisfies (l.l)-(1.2), it th en o f 11 ows that the given boundary data of (1.3) can 
be utilized by setting z = 0 to yield 
t 00 
JJ [7r(t - 3)]-” exp [-&I q(& s)dEds = J(t) , t L 0, (2.3) 0 0 
where F(t) is now regarded as known, since 
F(t) = u(o, t) + J ot[r(t - s)]-“uz(o,s)ds = U(t) + &(t - s)]-+Q(+s. (2.4) 
We have reduced the source identification problem posed by (l.l)-(1.3) to that of an 
integral equation (2.3) for the determination of q(x, t). Upon examination of (2.3), we 
note that the data F(t) depends on only one independent variable, whereas the solution 
q(x, t) depends upon two. Hence, we cannot expect that the integral operator of (2.3) 
is invertable in any general sense. Nevertheless, when some partial information about 
q(x, t) is additionally given, it may then be possible to fully determine it. We illustrate 
this idea for the special cases in which the source has the property of (i) separable spatial 
and temporal behavior and (ii) moving front behavior. 
3. SOURCE OF SEPARABLE FORM 
Consider the special case in which the source q(x, t) is known to be of separable form. 
That is, 
q(x, 4 = g(#t). (3.1) 
The integral equation (2.3) can then be expressed as 
~‘(I”exp [-&I > g(()df [7r(t - s)]-f h(s)ds = F(t) , t 2 0 . (3.2) 
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By taking the Laplace transform (with respect to t) of (3.2), and using the convolution 
theorem, it is found that 
V 0 = e-qrt)-* Irn e-~g(()d&dt] R(p) = P(p), 0 (3.3) 
where 
R(P) = Irn e -Pth(t)dt, P(p) = ocs emPtF(t)dt . 
/ 
(3.4 
Interchanging the order of integration in the double integral in (3.3) while utilizing the 
identity 
/ 
om(rt)-+ exp[-pt - (t2/4t)]& = p-+ee-p”2E , <LO, Rc p>O, (3.5) 
yields 
/ 
O” emPt(7rt)+ /,” e -‘2/4tg(f)d&ft = p-Q(p+) , 
0 
w 
where 
?j(cr) = 
SW 
e-azg(z)dz. (3.7) 
0 
Thus (3.2) can be replaced by a relationship between the Laplace transforms of g(z), 
h(t), and F(t), namely 
i?(P?)ft(P) = PWP) * (3.8) 
This relationship reflects the general nonexistence of an inverse to the integral operator 
of (2.3). Even in this special case of (3.1) it is seen that, for a given F(t), we are only 
able to infer a nonunique relationship between the Laplace transforms of the spatial and 
temporal parts. This clearly does not imply anything specific or unique about either 
part. 
If either g(s) or h(t) is k nown, then the other is uniquely determined by (3.8). If g(z) is 
given, then 
If h(t) is given, then 
(3.10) 
It is also of interest to see that if some partial information about both g(z) and h(t) are 
given, then the full determination of g(z, t) may be achieved. We consider for example 
q(2, t) = S(z - a) sinwt ) (3.11) 
where S(z - b) is a one-dimensional delta function. This represents a point source at 
x = b > 0 with an intensity which oscillates with a frequency w > 0. Suppose that 
neither b nor w is known a priori. Let us demonstrate that both can be determined via 
(3.8). 
For g(x) = 6(x - b) and h(t) = sinwt, it follows from (3.8) that 
P(P) = 
We-bp’ia 
pqp2 + w”) 
(3.12) 
244 G. A. KRIEGSMANN AND W. E. OLMSTEAD 
which can be inverted by the convolution theorem to yield 
F(t) = -$ J’.A?-g sinw(t - s)ds . 
0 
(3.13) 
We emphasise that F(t) is known so that inferences can be drawn from the equality of 
(3.13) for the evaluation of b and w. For instance, consider the asymptotic behavior of 
(3.13) for large time. It follows that as t -+ co, 
F(t) H F,(t) = (ye-(ayP2b {sin [wt - (2w)jb] - cos [wt - (2w,?b]} , (3.14) 
From (3.14) we can deduce that 
w = Freq[F, (t)], 
b =(2w)-3 log 
fp . 
1 
(3.15) 
Amp[L WI 
Thus a complete determination of the source in the form of (3.11) has been achieved. 
As another example of separable form, we consider 
q(2, t) = H(z - zo)H(zo + e - z)esk* , E > 0 , k > 0 . (3.16) 
This represents a spatial layer (20, z+r) with an intensity which is undergoing exponential 
decay. It is then found from (3.8) that 
P(P) = l 
P(P + k) 
[e-P1"=g _ c-P"'(20+s)] . (3.17) 
Inversion of (3.17) yields 
F(t) = &J 
3% 
e-"ds 
?s;“n . 
1 t 
(3.18) 
+- 
2kd2 J e-k(t-s)s-3/2 (2o + +-w_ z,e-$ ds 0 I 
It follows that as t -+ co, 
F(t) - F&) = k(,& ’ (3.19) 
Thus, from the large time behavior of the measured data, the ratio e/k can be determined. 
4. SOURCE OF MOVING FRONT FORM 
Consider the special case in which the source q(z, t) has the form of a moving front. That 
is 
q(0) = H(t - rz)f(t - 7z) I (4.1) 
where H(z) is the Heaviside function, f(z) gives the shape of the front and 7 > 0 is the 
reciprocal of the speed of the front. We will show that if F(t) is given, then j(z) belongs 
to a one parameter family of functions. 
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Upon inserting (4.1) into (2.3) 
is found that 
and taking the Laplace transform (with respect to t), it 
P+$+(P) = /,” e-Cp1’” lw H(s - 7<)r(5 - 70e-pbdsdE 
=l=e-(pr”i; f(s - 7()ewP”dsdt , 
=~me-CP~/~jgw f(z)e-P(z+7C)dad~ = i(P) 
7P + P112 
(4.2) 
whereupon 
Inversion of (4.3) yields 
i(P) = (P + 7P$)QP) - 
f(z) = F’(g) + 79 1’ Ir(z:;)]‘,2 ds ! 
(4.3) 
(4.4 
where the property that F(0) = 0 has been used. 
From (4.4) we see that if the parameter 7 is given, then j(z) is uniquely determined and 
hence the source q(z, t) in the form of (4.1) is completely determined. If 7 is not known 
a priori, then some additional knowledge of f( z is needed for its determination. For ) 
example, if the asymptotic behavior of f(z) is given as either z + 0 or z --) co, then an 
asymptotic analysis of (4.4) can be used to determine the value of 7. 
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